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Abstract: The article expands the potential applications of Kendall’s criterion by using the 

control chart method to determine the correlation between two variables. This method of 

studying the correlation is particularly useful in longitudinal studies frequently encountered in 

pedagogical, psychological, medical, environmental research, statistical monitoring of natural 

phenomena, and forecasting. 

The processing of experimental data and statistical conclusions in the control chart method are 

depicted in the diagram of this chart, which serves as a common language for various specialists. 

The hypothesis of independence or presence of correlation in diagrams is tested over time. The 

diagram not only assesses trends but also predicts changes in the process, which can be effective 

for data analysis. The diagram allows comparison of results from experiments on the same 

problem. Additionally, during the experiment, it is possible to adjust or refine the course of the 

experiment. 

The control charts developed in this work take into account the sample size. For small samples, 

the binomial criterion is used, while for large samples, Kendall's criterion is applied. The 

characteristics of the new control chart are derived using Kendall's theorem. As an example, one 

problematic task from seismology was investigated, and the iterative process of drawing 

conclusions for this task is demonstrated using a control chart diagram.  

Keywords: Rank correlation criteria, Kendall’s criterion, binomial criterion, statistical 

hypothesis, control chart, confidence interval, longitudinal study. 

 

Introduction 

Rank-based correlation criteria are widely used in pedagogy, psychology, medicine, ecology, 

sociology, and other scientific disciplines where it is necessary to assess the relationship between 

variables [11,12,15,16,18,21,22,23,24]. In this work, we focus on problems addressed using 

Kendall’s criterion [8,9,10,13] and these problems are solved by using a method based on control 

charts developed on the foundation of Kendall’s criterion unlike the traditional approach. This 

method of studying correlations is especially beneficial in longitudinal (long-term) research such 

as quality of life, stress levels, and satisfaction with treatment. Therefore, these results may 

expand researchers’ methodological toolkit and demonstrate the criterion’s potential applications 

in this field. 
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We begin by presenting the essential background from the traditional method of determining 

rank correlation, as our results are based on these concepts and assertions. Assume that both 𝑋 

and 𝑌 variables are measured on one of three possible scales: ordinal, interval, or ratio. What is 

crucial in this context is that an order relationship is established between the paired values of 

𝑋 and 𝑌. 

Let 𝑛 measurements be conducted to determine the correlation between variables 𝑋 and 𝑌. As a 

result, we obtain two independent samples: (𝑋1 ,𝑋2, … , 𝑋𝑛) and (𝑌1 ,𝑌2, … , 𝑌𝑛). Next, we rank 

each sample. Denote 𝑅𝑖 as the rank of 𝑋𝑖 among the observations (𝑋1 ,𝑋2, … , 𝑋𝑛), that is, the 

position occupied by 𝑋𝑖 in the ordered sequence 𝑋(1) ,𝑋(2), … , 𝑋(𝑛). Similarly, let 𝑆𝑖 be the rank of 

𝑌𝑖 among the observations (𝑌1 ,𝑌2, … , 𝑌𝑛). Thus, the original paired data (𝑋𝑖, 𝑌𝑖), 𝑖 = 1,2, … , 𝑛 

generates a corresponding set of rank pairs (𝑅𝑖, 𝑆𝑖 ). It is assumed that each possible permutation 

of ranks is equally likely and there are no multiple rank values. 

Under the conditions described above, Kendall’s criterion is used to test the following 

hypotheses at a given level of significance 𝛼. 𝐻0: 𝑋 and 𝑌 are independent; there is no 

association between them. Alternative hypothesis 𝐻1: Depending on the context of the study, the 

alternative hypothesis can take one of the following forms:" 𝑋 and 𝑌 are dependent, "There is a 

positive association between 𝑋 and 𝑌," or "There is a negative association between 𝑋 and 𝑌. "In 

this study, and throughout the remainder of the paper, we consider the Hypothesis: 𝐻1: X and Y 

are dependent. 

When 𝑛 > 10, one of the following equivalent test statistics is used to test the hypothesis: 

𝜏 =
𝑃−𝑄

𝑁
, 𝜏 =

2𝑃

𝑁
− 1 or 𝜏 = 1 −

2𝑄

𝑁
 

Where: 

✓ 𝑃 is the number of concordant pairs (𝑅𝑖, 𝑆𝑖 ) , for 𝑖 = 1,2, … , 𝑛;  

✓ 𝑄 is the number of discordant pairs (𝑅𝑖, 𝑆𝑖 ) , for 𝑖 = 1,2, … , 𝑛; 

✓ 𝑛 is the sample size; 

✓ 𝑁 =
𝑛(𝑛−1)

2
 is the total number of pairwise comparisons. 

For small samples 𝑛 ≤ 10, the test statistic is defined as: 𝜏 = 𝑃 − 𝑄  

In this case, the critical region is determined using the binomial distribution. 

The hypotheses for the test can then be formally stated as: 

𝐻0: 𝜏 = 0; (no association between 𝑋 and 𝑌), 

 𝐻1: 𝜏 ≠ 0. (there is an association between 𝑋 and 𝑌). 

In the traditional approach to hypothesis testing, the following statement from Kendall’s theorem 

is used: As 𝑛 → ∞ (specifically, for 𝑛 > 10) the test statistic 𝜏 approximately follows the 

standard normal distribution, i.e., 𝜏~𝑁(0; 1). 

Accordingly, the critical region for the two-tailed test is given by [17]: 

|𝜏| >
2𝑡𝛼

2

√𝑛
,  

where Φ (−𝑡𝛼

2
) =

α

2
 denotes the cumulative distribution function of the standard normal 

distribution. 

In practice, after conducting the experiment, the observed value of 𝜏 is calculated based on the 

collected data. If this value falls within the critical region, the alternative hypothesis 𝐻1  is 
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accepted; otherwise, the null hypothesis 𝐻0 is retained. Typically, significance levels of 0.05 and 

0.01 are used for decision-making. Hypothesis testing is carried out both at the beginning and at 

the conclusion of the experiment. However, traditional rank-based correlation methods do not 

provide insights into the temporal dynamics of the relationship between variables over time. 

In the control chart method, the hypothesis of independence or the presence of correlation is 

tested over time. The control chart diagram not only allows for the evaluation of trends, but also 

enables the prediction of future changes in the process, making it a potentially powerful tool for 

data analysis and monitoring. 

Methods 

The control charts developed in this study are based on Kendall’s rank correlation criterion and 

the binomial criterion, and are used to monitor the correlation between variables. The control 

limits of the chart determine whether the observed correlation value is statistically significant or 

not. These charts are applied to monitor the stability of processes over time, which is particularly 

useful for tracking changes in a controlled parameter 𝐺. 

Two methods are primarily used in constructing control charts. In the Shewhart method, where 

knowledge of the distribution of the controlled parameter (𝐺) is not required, the upper (𝑈𝐶𝐿) 

and lower (𝐿𝐶𝐿) limits of the control chart are determined using the six-sigma method [19]. In 

the confidence interval method, which requires knowledge of the exact (or limiting) distribution 

of 𝐺, the upper and lower limits of the control chart are taken as the boundaries of the confidence 

interval. In this case, we consider the sample size and significance level as constants and find the 

quantile of the 𝐺 distribution from a table. In practice, both methods are used depending on the 

available data. In this paper, we will construct control charts using the confidence interval 

method. 

The essence of the confidence interval method in constructing control charts is to determine the 

range of values within which the controlled parameter (the observed characteristic of the control 

chart, for example, the number of concordant or discordant pairs) of the process will fall with a 

given confidence probability. If the process is stable, then the 𝐺 values will lie within the 

confidence interval with high probability. 

If we know the distribution of the controlled parameter (exact or approximate), then we can 

determine its confidence interval - that is, the range to which its values will fall with a high 

probability (0.99 or 0.95) during a stable process. This interval then becomes the control limits 

of the chart. Using the statistical distribution, we find the quantiles and then determine the 

characteristics of the control chart: controlled parameter (𝐺); upper (𝑈𝐶𝐿) and lower (𝐿𝐶𝐿) 

control boundaries. Next, a diagram is constructed, where the horizontal axis represents time or 

observation sequence numbers and the vertical axis represents the controlled parameter 𝐺. If the 

values of 𝐺 are within the control limits, the correlation between the variables is insufficient 

(true 𝐻0:𝜏 = 0), if the values exceed the limits, this is a signal about the sufficiency of the 

correlation (true 𝐻1:𝜏 = 0 

Control charts based on statistical criteria can be more sensitive than standard Shewhart charts, 

especially when analyzing complex processes. The choice of chart depends on the type of 

parameter being monitored, the nature of the data (normal or non-normal), and the need to track 

small changes or global shifts. These charts can be adapted for specific tasks, including 

pedagogical and psychological research, statistical control of natural phenomena, and forecasting 

[14,19,20]. 

Results. 

The main results of the work are aimed at determining the characteristics of G control charts, 

including their Lower Control Limit (𝐿𝐶𝐿) and Upper Control Limit (𝑈𝐶𝐿). For this, we use the 

exact or limiting distribution of the controlled parameter, which was discussed in the 

introduction. 
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The theorems presented below define the main characteristics of the new control charts. In 

experiments, after constructing the 𝐿𝐶𝐿 and 𝑈𝐶𝐿, 𝐺 = 𝜏 values are observed in time units, and 

during anomalies, intervention is made in the process to stabilize it. 

Theorem 1. Let 𝐻0 be true at the significance level 𝛼 (𝛼 = 0.05 or 𝛼 = 0.01). Then, for 𝑛 >
10, the control chart characteristics have the following form: 

𝐺 = 𝑃, 𝐿𝐶𝐿 = 𝑛(𝑛 − 1) (1 −
2𝑡𝛼

2

√𝑛
) ;  𝑈𝐶𝐿 = 𝑛(𝑛 − 1)(1 +

2𝑡𝛼
2

√𝑛
). 

Proof. According to Kendall's theorem, the confidence interval for τ with a confidence 

probability of 1 − 𝛼 is determined from the following relationship: 

𝑃 (−
2𝑡𝛼

2

√𝑛
≤ 𝜏 ≤

2𝑡𝛼
2

√𝑛
) = 1 − 𝛼, где Φ (−𝑡𝛼

2
) =

α

2
. 

We take 𝜏 =
2𝑃

𝑁
− 1, where 𝑁 =

𝑛(𝑛−1)

2
, transforming the expression in parentheses identically 

with respect to P, we have: 

𝑃 {𝑛(𝑛 − 1) (1 −
2𝑡𝛼

2

√𝑛
) ≤ 𝑃 ≤ 𝑛(𝑛 − 1) (1 +

2𝑡𝛼
2

√𝑛
)} = 1 − 𝛼. 

Then, for constant n and α, we have: 

𝐺 = 𝑃, 𝐿𝐶𝐿 = 𝑛(𝑛 − 1) (1 −
2𝑡𝛼

2

√𝑛
) ;  𝑈𝐶𝐿 = 𝑛(𝑛 − 1)(1 +

2𝑡𝛼
2

√𝑛
).  

The theorem is proved. 

Conclusion: 

For 𝛼 = 0,05 , 𝐿𝐶𝐿 = 𝑛(𝑛 − 1) (1 −
3,29

√𝑛
) ;  𝑈𝐶𝐿 = 𝑛(𝑛 − 1)(1 +

3,29

√𝑛
) 

For 𝛼 = 0,01 , 𝐿𝐶𝐿 = 𝑛(𝑛 − 1) (1 −
5,16

√𝑛
) ;  𝑈𝐶𝐿 = 𝑛(𝑛 − 1)(1 +

5,16

√𝑛
) 

In this case, 𝐺 = 𝑃 and from the table of critical points for 𝑁 (0; 1): we find 𝑡𝛼

2
= 1,645 for 𝛼 =

0,05 and 𝑡𝛼

2
= 2,58 for 𝛼 = 0,01. 

Theorem 2. Let 𝐻0. be true at the significance level 𝛼 (𝛼 = 0.05 𝑜𝑟 𝛼 = 0.01). Then, at 𝑛 ≤ 10, 

the characteristics of the control chart have the form: 

𝐺 = 𝜏 = 𝑃 − 𝑄, 𝐿𝐶𝐿 = 𝜏𝛼
2

;  𝑈𝐶𝐿 = 𝜏
1−

𝛼
2

,
 

where 

𝜏𝛼

2
= 𝐵𝑖𝑛−1 (𝑁,

𝛼

2
,

1

2
) , 𝜏1−

𝛼

2
, = 𝐵𝑖𝑛−1(𝑁, 1 −

𝛼

2
,

1

2
). 

The proof of the theorem follows directly from the relation 

𝑃 (𝜏𝛼

2
≤ 𝜏 ≤ 𝜏1−

𝛼

2
) = 1 − 𝛼. 

For example, we find the boundaries of the control chart from the table of critical points of the 

binomial distribution at 𝑛 = 5 and 𝛼 = 0.05: 𝜏𝛼

2
= 6; 𝜏1−

𝛼

2
= 6 and at n=5 and α=0.01: 𝜏𝛼

2
=

−8; 𝜏1−
𝛼

2
= 8. 

To illustrate the results of the theorems, let's consider an example. 
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It is known that radon emissions from the Earth's crust can precede seismic activity. There is a 

hypothesis about a connection between radon emissions and animal behavior before earthquakes, 

but direct scientific evidence of radon's effects on animals under these conditions is still 

insufficient. 

The mathematical model for solving this problem can be constructed using Theorem 1. Since the 

task relates to longitudinal (long-term) research, we will conduct an experiment in a specific area 

to determine, for example, the correlation between dog barking and radon concentration in an 

enclosed area. In this case, we will define a unit time of measurement by studying the dogs' 

behavior in relation to radon concentration in the air, ensuring that the experimental results 

reflect real data. 

If we mark the beginning of the foreshock with a bold point on the horizontal time axis, then 

before a strong earthquake, the diagram of the expected control chart may have the following 

appearance: 

 

Рис. 1. Диаграмма 

КК − 𝜏: 𝐼) 𝑃 >  𝑈𝐶𝐿, 𝜏 >  0,70;  𝐼𝐼) 𝐿𝐶𝐿 <  𝑃 <  𝑈𝐶𝐿, 𝜏 <  0,49. 

Discussion 

The main objective of this article was to study correlations using the control chart method in 

longitudinal studies. This is due to the fact that research in this area, at the initial stage, relies 

mainly on iterative conclusions. The control chart method is an iterative mathematical model of 

such phenomena. On the other hand, we note the known advantages of rank criteria: 

Independence from data distribution; Resistance to outliers; Ability to work with ordinal data; 

Simplicity of calculations. Kendall's correlation coefficient and its advantages: Accuracy of 

assessment in small samples; More stringent consideration of the order of values; Interpretation 

in terms of probability. Kendall's criterion is applied in various fields: In pedagogy and 

psychology: when analyzing the impact of teaching methods on academic performance (for 

example, studying the relationship between active teaching methods and the level of material 

comprehension); when researching psychological factors (for example, evaluating the 

relationship between motivation level and students' academic performance). In medicine: 

connection between symptoms and diagnoses; evaluation of treatment effectiveness. In ecology: 

research on pollution factors; analysis of climate change. In seismology: the relationship between 

animal behavior and earthquake precursors; the relationship between earthquake magnitude and 

precursor parameters. [1-7]. The above-mentioned tasks and studies are longitudinal (long-term) 

in nature, and studying correlation using control charts allows for the identification of deviations 

and assessment of process stability more effectively than the traditional method. Additionally, 

this method enables comparison of results from identical experiments conducted in different 

locations. 

In tasks where the Kendall criterion does not provide a complete answer, other ranking criteria 

can be used to develop additional control charts. As a result, various control charts can be 
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compiled for different purposes. For non-specialists in statistics, software tools can be prepared 

to obtain statistical conclusions in such situations. 
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